The aim of this note is to characterize those doubly ordered frames X which are embeddable into the canonical frame of its Urquhart complex algebra.
If Y is ≤ 2 increasing, then l(Y ) is a stable set.

Thus, if Y is ≤ 1 increasing and Z is ≤ 2 increasing, then Y ⊆ l(Z) if and only if Z ⊆ r(Y ).
For
We call this structure the Urquhart complex algebra of X, and denote it by Cm U (X).
It was shown by Craig and Haviar [1] that Cm U Cf U (L) is isomorphic to the canonical extension of L in the sense of [2] .
Representability of lattice frames
Urquhart [4] proved that every doubly ordered frame endowed with a suitable topology can be embedded into the dual frame of its dual lattice. We show below on a first order level that his conditions suffice to prove that a suitably defined lattice frame can be embedded into the canonical frame of its complex algebra.
A lattice frame is a doubly ordered frame X, ≤ 1 , ≤ 2 which satisfies the following conditions: LF 1 . Each element of X is below a ≤ 1 maximal one and a ≤ 2 maximal one,
LF 2 and LF 3 are the conditions given by Urquhart [4] for lattices of finite length. In such lattices, they guarantee embeddability of X into Cf Cm U (X). They hold in all canonical frames:
Proof. LF 1 : By Zorn's Lemma, each filter (ideal) is contained in a maximal one. LF 2 Assume that LF 2 is not true. Then,
Let x, y ∈ X witness (2.1). Since x 1 ⊆ y 1 , there is some a ∈ x 1 , a ∈ y 1 . Thus, ↓ 1 a ∩ y 1 = / 0, and so there is a maximal pair z such that y 1 ⊆ z 1 and a ∈ z 2 . The assumption (2.1) implies that there is a maximal pair w such that x 1 ⊆ w 1 and z 2 ⊆ w 2 . Since w is a maximal pair, w 1 ∩ w 2 = / 0 which contradicts a ∈ x 1 ∩ z 2 .
LF 3 : This is shown similarly: Assume that LF 3 is not true. Then,
Since x 2 ⊆ y 2 , there is some a ∈ x 2 , a ∈ y 2 . Thus, ↑ 2 a ∩ y 2 = / 0, and so there is a maximal pair z such that y 2 ⊆ z 2 and a ∈ z 1 . The assumption (2.2) implies that there is a maximal pair w such that x 2 ⊆ w 2 and z 1 ⊆ w 1 . Since w is a maximal pair, w 1 ∩ w 2 = / 0 which contradicts a ∈ x 2 ∩ z 1 .
Theorem 2.2. Let X be a lattice frame. Then, X is embeddable into Cf
Proof. Let L X be the lattice of the stable sets of X.
We shall show that 1. k preserves ≤ 1 and ≤ 2 .
2. k is injective.
k(x) is a maximal pair of Cm U (X).
We first show that k 1 (x) is the principal filter F x of L X generated by
Since lr is a closure operator on the ≤ 1 -closed sets, lr(↑ ≤ 1 x) ⊆ lr(Y ) = Y , and all that is left to show is that lr(↑ ≤ 1 x) ⊆↑ ≤ 1 . Consider
Let y ∈ lr(↑ ≤ 1 x) and assume that x ≤ 1 y. By LF 2 , there is some z such that y ≤ 1 z and ↑ ≤ 1 x∩ ↑ ≤ 2 z = / 0. This contradicts (2.6).
Preservation of ≤ 1 and ≤ 2 is immediate. For injectivity, let x = y and assume k(x) = k(y), i.e. k 1 (x) = k 1 (y) and k 2 (x) = k 2 (y). Then, k 1 (x) = k 1 (y) implies ↑ 1 x =↑ 1 y, i.e. x ≤ 1 y and y ≤ 1 x. Since X is doubly ordered we may suppose w.l.o.g. that x ≤ 2 y. By LF 3 there is some z such that y ≤ 2 z and ↑ ≤ 2 x ∩ ↑ ≤ 1 z = / 0. Then, x ∈ r(↑ ≤ 1 z) and y ∈↑ ≤ 1 z, contradicting k 2 (x) = k 2 (y).
is an ideal, and k 1 (x) ∩ k 2 (x) = / 0. All that is left to show is that k(x) is a maximal pair. Assume that F is a filter of L X strictly containing k 1 (x) and F ∩ k 2 
Since ↑ 1 x ∈ k 1 (x) and F is a filter, it follows that Z df = Y ∩ ↑ 1 x ∈ F and Z ⊆↑ 1 x. Then, t ∈ Z implies x 1 t, and thus, x ≤ 2 t for all t ∈ Z. By the assumption we have Z ∈ k 2 (x), and thus, x ∈ r(Z). Hence, x ∈ [≤ 2 ](−Z), and there is some z such that x ≤ 2 z and z ∈ Z. This contradicts x ≤ 2 t for all t ∈ Z, and thus,
Finally, we show that
, and thus, Y ⊆ W x . Therefore, W x is the largest subset of X disjoint from ↑ ≤ 2 x, and, clearly,
Suppose that I is an ideal of L X which strictly contains k 2 (x). Our aim is to show that I ∩ k 1 (x) = / 0, in other words, there is some
Since I is an ideal, Y ∈ I and ↑ ≤ 1 t ⊆ Y , we have ↑ ≤ 1 t ∈ I, and therefore
, there is some s such that t ≤ 1 s and x ≤ 2 s. Now,
For the right hand side, we consider two cases:
1. x = y: Then, setting z = s, we obtain x ≤ 2 z and t ≤ 1 z.
2. x 1 y: Then, x ≤ 2 y, and LF 3 implies that there is some z such that ↑ ≤ 2 x∩ ↑ ≤ 1 z = / 0.
Thus, the right hand side is fulfilled for all x ≤ 1 y, and it follows that
3 Modal definability of doubly ordered frames
i y ′ , then there exists some y ∈ X such that xR i y and f (y) = y ′ .
Theorem 3.1. The class of doubly ordered frames is not modally definable.
Proof. By the Goldblatt -Thomason Theorem [3] it is enough to show that the class is not closed under bounded morphisms. Let F = X, R 1 , R 2 be a frame such that X = {x, y, z}, R 1 = 1 ′ ∪{ x, y }, and R 2 = 1 ′ ∪ { x, z }; then, F is a doubly ordered frame. Next, let
and S 2 df = S 1 ; observe that F ′ is not doubly ordered.
Let f : X ։ Y be defined by f (x) = s, f (y) = f (z) = t. Clearly, f preserves R 1 and R 2 , and thus, it satisfies BM 1 .
For BM 2 , let f (u)S 1 v. We need to find some w ∈ X such that uR 1 w and f (w) = v. If v = s, then x = u. If v = s, then set w = x, if v = t, then set w = y. If f (u) = t, then v = t, and the reflexivity of R 1 gives the result. For R 2 the procedure is analogous, using z instead of y. ❃ ❃ ❃ ❃ ❃ ❃ ❃
Thus F ′ is a bounded image of a doubly ordered frame. On the other hand, s = t implies that F ′ is not doubly ordered.
